Abstract. We prove that for a 7-dimensional manifold M with cylindrical ends the moduli space of exponentially asymptotically cylindrical torsion-free G 2 -structures is a smooth manifold (if non-empty), and study some of its local properties. We also show that the holonomy of the induced metric of an exponentially asymptotically cylindrical G 2 -manifold is exactly G 2 if and only if the fundamental group π 1 (M ) is finite and neither M nor any double cover of M is homeomorphic to a cylinder.
Introduction
The holonomy group G 2 appears as an exceptional case in Berger's classification of the Riemannian holonomy groups [2] . A metric with holonomy contained in G 2 can be defined in terms of a parallel non-degenerate differential 3-form, often called a torsion-free G 2 -structure. A manifold M has cylindrical ends if a complement of a compact subset of M is identified with X × R + , for some compact manifold X called the cross-section of M . An important class of metrics on such manifolds are the exponentially asymptotically cylindrical (EAC) ones, i.e. metrics which are exponentially asymptotic to a product metric on the cylindrical part. An EAC G 2 -manifold is a 7-dimensional EAC manifold M with holonomy contained in G 2 , and its metric is defined by a torsion-free EAC G 2 -structure. Section 2 covers this background in more detail.
On an EAC G 2 -manifold M 7 the group of EAC diffeomorphisms isotopic to the identity acts on the space of torsion-free EAC G 2 -structures by pull-backs. We define the moduli space of torsion-free EAC G 2 -structures to be the resulting quotient M + . The precise definition involves a normalisation, which can also be interpreted as dividing by the rescaling action of R + (see remark 3.1). The main result of the paper is theorem 3.2, which states that on an EAC G 2 -manifold M 7 the moduli space M + is a smooth manifold. The proof of theorem 3.2 is a generalisation of an argument for the compact case outlined by Hitchin in [11] . If X 6 is the cross-section of M then the dimension of the moduli space is given by the formula
The cross-section X of a manifold M with cylindrical ends can be regarded as the 'boundary at infinity' of M , in the sense that M can be identified with the interior of a compact manifold with boundary X. The asymptotic limit of an EAC torsion-free G 2 -structure on M induces a CalabiYau structure on X, and the proof of theorem 3.2 requires understanding of the deformations of this structure on the boundary. Theorem 3.3 states that the moduli space N of Calabi-Yau structures on a compact connected oriented manifold X 6 is a smooth manifold of dimension b 3 (X) + b 2 (X) − b 1 (X) − 1. This is a special case of a more general result due to Tian [26] and Todorov [27] . The argument given here is based on an elementary application of the implicit function theorem, and is helpful for proving theorem 3.2.
There is natural 'boundary map' B : M + → N which sends a class of torsion-free G 2 -structures on M to the class of Calabi-Yau structures that their asymptotic limit defines on X. Theorem 3.6 states that this map is a submersion onto its image, which is a submanifold of N , and an open subset of a subspace N A determined by the topology of the pair (M, X).
The final result of the paper is a topological criterion for when the holonomy of the metric associated to a torsion-free EAC G 2 -structure is exactly G 2 , rather than a subgroup. Theorem 3.8 states that Hol(M )
Precise statements for all the main results are given in section 3. Section 4 provides the needed deformation theory for compact Calabi-Yau 3-folds, extending a construction of the moduli space of torsion-free SL(C 3 )-structures by Hitchin in [11] . In section 5 we review Hodge theory for EAC manifolds, which is an important tool in the proofs of the main results. The main theorem 3.2 is proved in section 6 along with results about the local properties of the moduli space, and theorem 3.8 is proved in section 7.
It is complicated to produce examples of G 2 -manifolds with holonomy exactly G 2 . The first compact examples were constructed by Joyce in [12] . Also, in [14] Kovalev constructs non-trivial EAC G 2 -manifolds (with holonomy SU (3)), and uses them in a gluing construction to produce compact manifolds with holonomy exactly G 2 . A future paper [16] will show how to construct EAC manifolds with holonomy exactly G 2 , adapting the methods of [12] to the EAC context.
Background material
In this section we review definitions and notation for Riemannian holonomy, G 2 -structures on 7-manifolds, Calabi-Yau structures on 6-manifolds, and manifolds with cylindrical ends.
2.1. Holonomy. We define the holonomy group of a Riemannian manifold. For a fuller discussion of holonomy see e.g. Joyce [13, Chapter 2] . Definition 2.1. Let M n be a manifold with a Riemannian metric g. If x ∈ M and γ is a closed piecewise C 1 loop in M based at x then the parallel transport around γ (with respect to the LeviCivita connection of the metric) defines an orthogonal linear map P γ : T x M → T x M . The holonomy group Hol(g, x) ⊆ O(T x M ) at x is the group generated by {P γ : γ is a closed loop based at x}.
If x, y ∈ M and τ is a path from x to y we can define a group isomorphism Hol(g, x) → Hol(g, y) by P γ → P τ • P γ • P −1 τ . Provided that M is connected we can therefore identify Hol(g, x) with a subgroup of O(n), independently of x up to conjugacy, and talk simply of the holonomy group of g.
There is a correspondence between tensors fixed by the holonomy group and parallel tensor fields on the manifold.
Proposition 2.2 ([13, Proposition 2.5.2]). Let M
n be a manifold with Riemannian metric g, x ∈ M and E a vector bundle on M associated to T M . If s is a parallel section of E then s(x) is fixed by Hol(g, x). Conversely if s 0 ∈ E x is fixed by Hol(g, x) then there is a parallel section s of E such that s(x) = s 0 .
G 2 -structures.
An effective approach to G 2 -structures is to define them in terms of stable 3-forms. Here we outline the properties of G 2 -structures, and explain their relation to metrics with holonomy G 2 . For a more complete explanation see e.g. [13, Chapter 10] .
Recall that G 2 can be defined as the automorphism group of the normed algebra of octonions. Equivalently, G 2 is the stabiliser in GL(R 7 ) of
If V is a dimension 7 real vector space and ϕ ∈ Λ 3 V * then we call ϕ stable if it is equivalent to ϕ 0 under some isomorphism V ∼ = R 7 . We denote the set of stable 3-forms by Λ 3 + V * . Since the action of GL(V ) on Λ 3 V * has stabiliser G 2 at a stable form ϕ, and dim G 2 = 14, it follows by dimension-counting that Λ
+ V
* is open in Λ 3 V * . Since G 2 ⊂ SO(7) each ϕ ∈ Λ 3 + V * naturally defines an inner product g ϕ and an orientation. Definition 2.3. Let M 7 be an oriented manifold. A G 2 -structure on M is a section ϕ of Λ 3 + T * M which defines the given orientation on M .
Since a G 2 -structure ϕ on M induces a Riemannian metric g ϕ it also defines a Levi-Civita connection ∇ ϕ , a Hodge star * ϕ and a codifferential d 7 is isomorphic to SU (3), and Calabi-Yau 3-folds will appear naturally as the cross-sections of EAC G 2 -manifolds.
For our purposes it is convenient to define a Calabi-Yau structure on a 6-dimensional manifold X in terms of a pair of closed differential forms (Ω, ω). This will make the relation to G 2 -structures clear. The role of the 'stable' 3-form Ω is discussed by Hitchin in [11] . Let For an oriented real vector space V of dimension 6 let Λ 3 + V * be the set of Ω ∈ Λ 3 V * such that Ω is equivalent to Ω 0 under some linear isomorphism V ∼ = R 6 . We call such Ω stable. If we identify R 6 with C 3 by taking
The stabiliser of Ω 0 in GL + (R 6 ) is SL(C 3 ). Therefore each Ω ∈ Λ 3 + V * defines a complex structure J on V , and there is a uniqueΩ ∈ Λ 3 + V * such that Ω + iΩ is a (3, 0)-form. We say that Ω defines an SL(C 3 )-structure on V . (Reversing the orientation of V changes the sign of both J andΩ.) By dimension-counting Λ 3 + V
* is an open subset of Λ 3 V * . Similarly the stabiliser in GL(R 6 ) of the pair (Ω 0 , ω 0 ) is SU (3), so we can define an SU (3)-structure on V to be a pair (Ω, ω) ∈ Λ 3 V * × Λ 2 V * which is equivalent to (Ω 0 , ω 0 ) under some oriented linear isomorphism V ∼ = R
6 . An SU (3)-structure naturally defines a complex structure J as above, and also an inner product g(·, ·) = ω(·, J·). With respect to the Hodge star defined by this metricΩ = * Ω. Definition 2.9. An SU (3)-structure on an oriented manifold X 6 is a pair of forms (Ω, ω) ∈ Ω 3 (X) × Ω 2 (X) which defines an SU (3)-structure on each tangent space. (Ω, ω) is said to be a Calabi-Yau structure if ∇Ω = 0, ∇ω = 0 with respect to the metric induced by (Ω, ω). X equipped with the structure (Ω, ω) and the associated Riemannian metric is called a Calabi- 
fold.
If X is a Calabi-Yau 3-fold in this sense then by proposition 2.2 the holonomy of the induced metric is contained in SU (3), and conversely any metric with holonomy contained in SU (3) is induced by some Calabi-Yau structure. The almost complex structure J defined by a CalabiYau structure is integrable, and the metric is Kähler. Moreover Ω + iΩ is a global holomorphic (3, 0)-form, and the metric is Ricci-flat.
Calabi-Yau structures on X 6 are equivalent to torsion-free cylindrical G 2 -structures on X × R in the following sense. Definition 2.10. Let X 6 a compact oriented manifold, and denote by t the R-coordinate on the cylinder X × R. A G 2 -structure ϕ on X × R is cylindrical if it is translation-invariant and the associated metric is a product metric g ϕ = g X + dt 2 , for some metric g X on X.
Comparing the point-wise models (2.1) and (2.2) it is easy to see that (Ω, ω) is an SU (3)-structure on X with metric g X if and only if the translation-invariant G 2 -structure ϕ = Ω + dt ∧ ω on X ×R defines the product metric g X +dt 2 . Hol(g X +dt 2 ) ⊆ G 2 if and only if Hol(g X ) ⊆ SU (3), so Proposition 2.11. (Ω, ω) is a Calabi-Yau structure on X 6 if and only if Ω+dt∧ω is a torsion-free cylindrical G 2 -structure on X × R.
2.4.
Manifolds with cylindrical ends. We define manifolds with cylindrical ends and their long exact sequence for cohomology relative to the boundary. We also define exponentially asymptotically cylindrical (EAC) metrics and G 2 -structures. Definition 2.13. A manifold M is said to have cylindrical ends if M is written as union of two pieces M 0 and M ∞ with common boundary X, where M 0 is compact, and M ∞ is identified with X × R + by a diffeomorphism (identifying ∂M ∞ with X × {0}). X is called the cross-section of M . A cylindrical coordinate on M is a smooth function t : M → R which is equal to the R + -coordinate on M ∞ and is negative in the interior of M 0 .
The interior of any compact manifold with boundary can be considered as a manifold with cylindrical ends by the collar neighbourhood theorem. Conversely if M has cylindrical ends then we can compactify M by including it in M = M 0 ∪ (X × [0, ∞]), i.e. by 'adding a copy of X at infinity'. The cohomology of M relative to its boundary can be identified with H
The image of e is the subspace of cohomology classes with compact representatives.
Cylindrical ends allow us to define a notion of asymptotic translation-invariance.
Definition 2.15. A tensor field on X × R is called translation-invariant if it is invariant under the obvious R-action on X × R. If s ∞ is a section of a vector bundle associated to the tangent bundle on the cylinder X × R and ρ is a cut-off function for the cylinder on M then ρs ∞ can be considered to be a section of the corresponding vector bundle over M . Definition 2.17. Let M be a manifold with cylindrical ends and cross-section X. Pick an arbitrary product metric g X + dt 2 on X × R, and a cut-off function ρ for the cylinder. A section s of a vector bundle associated to T M is said to be decaying if ∇ k s → 0 uniformly on X as t → ∞ for all k ≥ 0. s is said to be asymptotic to a translation-invariant section s ∞ of the corresponding bundle on X × R if s − ρs ∞ decays.
Similarly s is said to be exponentially decaying with rate δ > 0 if e δt ∇ k s is bounded on M ∞ for all k ≥ 0, and exponentially asymptotic to a translation-invariant section s ∞ if s − ρs ∞ decays exponentially. Denote by C ∞ δ (E) the space of sections of E which decay exponentially with rate δ. The natural choice of topology on C ∞ δ (E) is to require the linear isomorphism
δt s to be a homeomorphism.
Definition 2.18. A metric g on a manifold M with cylindrical ends is said to be EAC if it is exponentially asymptotic to a product metric g X + dt 2 on X × R + . An EAC manifold is a manifold with cylindrical ends equipped with an EAC metric.
Definition 2.19. Let M be a manifold with cylindrical ends and cross-section X. A diffeomorphism Ψ ∞ of the cylinder X × R is said to be cylindrical if it is of the form
where Ξ is a diffeomorphism of X and h ∈ R. A diffeomorphism Ψ of M is said to be EAC with rate δ > 0 if there is a cylindrical diffeomorphism Ψ ∞ of X × R, a real T > 0 and an exponentially decaying vector field V on M such that on X × (T, ∞)
Definition 2.20. Let M 7 be a connected oriented manifold with cylindrical ends and cross-section X 6 . A G 2 -structure ϕ on M is said to be EAC if it is exponentially asymptotic to a cylindrical G 2 -structure on X × R (cf. definition 2.10). M equipped with a torsion-free EAC G 2 -structure and the associated metric is called an EAC G 2 -manifold.
If ϕ is a torsion-free EAC G 2 -structure then note that the associated metric g ϕ is EAC, and that by proposition 2.11 the asymptotic limit defines a Calabi-Yau structure on the cross-section X.
The next theorem implies that an EAC G 2 -manifold is not interesting unless it has a single end. The theorem can be proved using the Cheeger-Gromoll splitting theorem, and is also proved using more elementary methods by Salur [25] . Theorem 2.21. Let M be an orientable connected asymptotically cylindrical Ricci-flat manifold. Then either M has a single end, i.e. its cross-section X is connected, or M is a cylinder X × R with a product metric.
Statement of results

Let M
7 be a connected oriented manifold with cylindrical ends and cross-section X 6 . For δ > 0 let X δ be the space of smooth torsion-free exponentially asymptotically cylindrical (EAC) G 2 -structures with rate δ on M (see definition 2.20). X δ has the topology of a subspace of the space of smooth exponentially asymptotically translation-invariant 3-forms.
Let X + = δ>0 X δ . If δ 1 > δ 2 > 0 then the inclusion X δ1 ֒→ X δ2 is continuous, so we can give X + the direct limit topology, i.e. U ⊆ X + is open if and only if U ∩ X δ is open in X δ for all δ > 0. Similarly let D + be the group of EAC diffeomorphisms of M with any positive rate (in the sense of definition 2.19) that are isotopic to the identity. D + acts on X + by pull-backs, and the moduli space of torsion-free EAC G 2 -structures on M is the quotient M + = X + /D + .
Remark 3.1. The definition of an EAC G 2 -structure ϕ that is used involves a normalisation -if t is the cylindrical coordinate on M then ∂ ∂t → 1 uniformly on X as t → ∞ (in the metric defined by ϕ), so a scalar multiple λϕ is not an EAC G 2 -structure. This normalisation is the most convenient to work with, but a different choice of normalisation (e.g. that V ol(X) = 1 in the induced metric on the boundary) would of course give the same results. Another interpretation is that R + acts on the moduli space of unnormalised EAC G 2 -structures by rescaling, and that M + is the resulting quotient.
In the compact case theorem 2.8 gives a description of the moduli space of torsion-free G 2 -structures using the natural projection map to the de Rham cohomology. In the EAC case, however, it is not enough to consider
We also need to consider the boundary values of ϕ to get an adequate description. Any ϕ ∈ X + is asymptotic to some Ω + dt ∧ ω with (Ω, ω) ∈ Ω 3 (X) × Ω 2 (X). Let
The main theorem we shall prove is Theorem 3.2. M + is a smooth manifold, and
In order to prove theorem 3.2 we will need to understand the deformations of the 'boundary' of an EAC G 2 -manifold, i.e. the deformations of torsion-free cylindrical G 2 -structures. By proposition 2.11 this corresponds to deformations of Calabi-Yau structures. Let Y be the set of Calabi-Yau structures (Ω, ω) on X, and D X the group of diffeomorphisms of X isotopic to the identity. The moduli space of Calabi-Yau structures on X is N = Y/D X , and there is a natural projection to the de Rham cohomology
Remark 3.4. The definition of a Calabi-Yau 3-fold X 6 used here allows Hol(X) to be a proper subgroup of SU (3). If Hol(X) is exactly SU (3) (so X is irreducible as a Riemannian manifold) then b 1 (X) = 0, and the formula for the dimension simplifies to b 3 (X) + b 2 (X) − 1. If X is an irreducible Calabi-Yau manifold then for any Calabi-Yau structure (Ω, ω) on X and λ ∈ R + we can define a torsion-free product G 2 -structure ϕ = Ω + λdθ ∧ ω on X × S 1 . The metric defined by ϕ is the product of the Calabi-Yau metric on X and the metric on S 1 with radius λ (cf. proposition 2.11). The moduli space of such torsion-free product G 2 -structures has dimension
which equals the dimension of the moduli space of torsion-free G 2 -structures on X ×S 1 by theorem 2.8. Theorem 3.3 is actually a special case of a known result. The deformation theory for complex manifolds was developed by Kodaira and Spencer. Tian [26] and Todorov [27] showed independently that on a compact connected Calabi-Yau manifold X 2n with holonomy exactly SU (n) the deformations of the complex structure are 'unobstructed'. This implies that the moduli space of complex structures on X is a manifold of dimension 2h 1,n−1 (X) (h p,q (X) denote the Hodge numbers of X, i.e. the dimension of the Dolbeault cohomology H p,q (X)). It is easy to deduce from this and Yau's solution of the Calabi conjecture [28] that the moduli space of Calabi-Yau structures on a complex n-fold (in the sense of an integrable complex structure with a Kähler metric and a holomorphic (n, 0)-form of norm 1) is a manifold of dimension
(cf. [13, Section 6.8] ). By [13, Proposition 6.2.6] h m,0 (X) = 0 for 0 < m < n and h n,0 (X) = 1 when X 2n is compact connected and Hol(X) = SU (n), so if n = 3 then b 3 (X) = 2h 1,2 (X) + 2 and b 2 (X) = h 1,1 (X). Thus the expression (3.4) for the dimension of the moduli space can be rewritten as b 3 (X) + b 2 (X) − 1 when n = 3, which agrees with the formula stated in theorem 3.3. We will give a different proof of theorem 3.3 in section 4. We produce pre-moduli spaces by an elementary application of the implicit function theorem, extending arguments of Hitchin in [11] . These pre-moduli spaces are also used in the proof of theorem 3.2.
In subsection 6.8 we look at some local properties of M + . Its dimension is given by
We also study the properties of the boundary map on M + , i.e. the map B : M + → N which sends a G 2 -structure on M to the Calabi-Yau structure on X defined by its asymptotic limit. Denote by A m ⊆ H m (X) the image of the pull-back map j * : H m (M ) → H m (X) in the long exact sequence for relative cohomology (2.4). If ϕ is asymptotic to Ω + dt ∧ ω then
so the image of B : M + → N is contained in
It turns out that -locally at least -these necessary conditions for a point to be in the image are also sufficient.
Theorem 3.6. The image of
is open in N A and a submanifold of N . The map is a submersion onto its image.
Since the methods used are entirely local they do not tell us anything about the global properties of M + or the image of (3.6).
We will show that the fibres of the submersion (3.6) are locally diffeomorphic to the compactly supported subspace H In the proof of proposition 3.5 we find that dim
Theorem 2.21 implies that if M is a G 2 -manifold then either M is a cylinder X × R (with a product metric) or M has a single end. If M is a cylinder X × R then the only possible torsion-free G 2 -structure asymptotic to a given cylindrical G 2 -structure ϕ ∞ is ϕ ∞ itself, so the moduli space of asymptotically cylindrical torsion-free G 2 -structures on M is equivalent to the moduli space of Calabi-Yau structures on X (we can compute that H m 0 (X × R) = 0 for all m, so this agrees with corollary 3.7). The moduli space will therefore only be interesting when M has a single end. We will not need to assume this in the proof of theorem 3.2 though.
Finally, in section 7 we find a topological condition for when the holonomy group of an EAC G 2 -manifold is exactly G 2 , as opposed to a proper subgroup. For compact G 2 -manifolds it is wellknown that the holonomy is exactly G 2 if and only if the fundamental group is finite. In the EAC case we need to take into account that a product cylinder X 6 × R may have finite fundamental group, but cannot have holonomy G 2 . The correct statement is 
Deformations of compact Calabi-Yau 3-folds
In [11] Hitchin uses elementary methods to construct the moduli space of torsion-free SL(C 3 )-structures on a compact manifold X 6 . In a sense this provides 'half' the deformation theory for compact Calabi-Yau 3-folds. In this section we show how to extend Hitchin's arguments to construct pre-moduli spaces of Calabi-Yau structures, which we require for the proof of the main theorem 3.2. This also gives an elementary proof of theorem 3.3, stating that the moduli space of Calabi-Yau structures on X is a manifold. 4.1. Harmonic forms and holonomy. We first review how a holonomy constraint on a Riemannian manifold gives rise to decompositions of harmonic forms, similar to the Hodge decomposition on a Kähler manifold. This is explained in more detail in [13, Section 3.5] .
Let H be a closed subgroup of SO(n), and M n an oriented Riemannian manifold with Hol(M ) ⊆ H, equipped with a corresponding H-structure. Suppose that Λ m R n decomposes as an orthogonal direct sum of subrepresentations Λ m R n = Λ m d R n under the action of H (we will indicate the rank of the subrepresentations by the index d). Then there is a corresponding H-invariant decomposition of the exterior product bundle
on the sections, and allow us to decompose forms into type components. As observed by Chern in [6] , the condition that Hol(M ) ⊆ H ensures that the Hodge Laplacian respects these type decompositions.
It follows that given an H-invariant decomposition (4.1) of Λ m T * M into subbundles there is a corresponding decomposition of the harmonic forms
In this section we consider a Calabi-Yau 3-fold X 6 . The standard representation of SU (3) on R 6 is irreducible, and Λ m R 6 decomposes as
Each of the subrepresentations Λ 
4.2.
Pre-moduli space of Calabi-Yau structures. Let X 6 a compact connected oriented manifold. Recall that in subsection 2.3 we defined a Calabi-Yau structure on X in terms of a pair of forms (Ω, ω) ∈ Ω 3 (X) × Ω 2 (X). As defined in section 3 the moduli space of Calabi-Yau structures on X is N = Y/D X , where Y is the set of Calabi-Yau structures (Ω, ω) on X 6 , and D X is the group of diffeomorphisms of X isotopic to the identity. To prove theorem 3.3 we find pre-moduli spaces of Calabi-Yau structures, i.e. manifolds Q ⊆ Y that are homeomorphic to open sets in N , and can therefore be used as charts.
On 6-dimensional manifolds we have the following convenient characterisation of Calabi-Yau structures (cf. Hitchin [10, Section 2]) Lemma 4.2. Let X 6 an oriented manifold, and (Ω, ω) ∈ Ω 3 (X)×Ω 2 (X). Suppose that Ω is stable, so that it defines an almost complex structure J and a 3-formΩ. Then the following conditions are sufficient to ensure that (Ω, ω) is a Calabi-Yau structure:
Recall thatΩ is the unique 3-form such that Ω + iΩ has type (3, 0) with respect to the complex structure defined by Ω.Ω depends smoothly on the stable form Ω. The derivative of Ω → Ω ∧Ω must be proportional to · ∧Ω since it is SU (3)-equivariant. The proportionality constant is 2 aŝ Ω is homogeneous of degree 1 in Ω (cf. [11, page 10] ). Now consider a fixed Calabi-Yau structure (Ω, ω). Any tangent (σ, τ ) to a path of SU (3)-structures through (Ω, ω) must satisfy the linearisation of the point-wise algebraic conditions (i) and (ii) in lemma 4.2, i.e.
The natural map π N :
) is injective by Hodge theory for compact manifolds. Proposition 4.1 implies that L 1 :
Theorem 3.3 will follow from the existence of a pre-moduli space near each (Ω, ω) with tangent space H SU .
We find Q with the desired properties using a slice construction. Pick some k ≥ 1, α ∈ (0, 1) and let Z 3 k × Z 2 k be the space of pairs of closed Hölder C k,α 3-and 2-forms.
k to the tangent space of the D X -orbit at (Ω, ω), and use a small neighbourhood S of (Ω, ω) in the affine space (Ω, ω) + K as a slice for the D X -action.
Let Q ⊆ S be the subspace of elements which define Calabi-Yau structures. Subsection 4.3 summarises Hitchin's construction of the moduli space of torsion-free SL(C 3 )-structures (stable forms Ω satisfying condition (iv) in lemma 4.2). In subsection 4.4 we extend those arguments in order to prove that Q ⊆ S is a submanifold by an application of the implicit function theorem.
By elliptic regularity the elements of Q are smooth, and slice arguments show that Q is homeomorphic to a neighbourhood of (Ω, ω)D X in N . Such arguments will be explained in detail in the more complicated EAC case (cf. propositions 6.21 and 6.23). Thus Q satisfies the conditions of proposition 4.4.
We will use the deformation theory of Calabi-Yau structures in the proof of the main theorem 3.2 on the moduli space of torsion-free EAC G 2 -structures. We will also require the following property of the pre-moduli spaces of Calabi-Yau structures. Proof. Let I ⊆ D X be the stabiliser of (Ω, ω). I is contained in the isometry group of a Riemannian metric, so it is a compact Lie group. By shrinking Q we may assume that it is mapped to itself by I. Since π N : Q → H 3 (X) × H 2 (X) is injective and D X -invariant I acts trivially on Q. Conversely, it follows from [7, Theorem 7.1 (2) ] that if φ ∈ D X fixes an element of Q sufficiently close to (Ω, ω) then φ ∈ I.
Torsion-free SL(C
3 )-structures. Recall from page 3 that an SL(C 3 )-structure on an oriented dimension 6 vector space V is defined by a stable 3-form Ω ∈ Λ 3 + V * .
If Ω is torsion-free then so is the almost complex structure J it defines, and Ω+iΩ is a global holomorphic (3, 0)-form. A torsion-free SL(C 3 )-structure is therefore equivalent to a complex structure with trivial canonical bundle, together with a choice of trivialisation.
The next two propositions are a summary of Sections 6.1 and 6.2 in [11] . Let X 6 be a compact oriented manifold. Fix a torsion-free SL(C 3 )-structure Ω on X, and pick an arbitrary Riemannian metric that is Hermitian with respect to the complex structure defined by Ω. Take k ≥ 1, α ∈ (0, 1), and let Z 
), and the projections are bounded in the Hölder C k,α -norm.
If β is sufficiently close to Ω then β is stable, andβ is well-defined. On a neighbourhood of Ω in Z 3 k we define F 1 (β) = P 1 ( * β).
) and bijective on
In [11] the content of the above two propositions is used with a slice argument to construct a moduli space of torsion-free SL(C 3 )-structures. In the next subsection we extend the argument to prove proposition 4.4.
4.4.
Proof of proposition 4.4. We now explain how to define a slice for the D X -action at (Ω, ω) ∈ Y. We find a function with surjective derivative whose zero set in the slice is precisely the subspace of Calabi-Yau structures Q. Together with elliptic regularity and slice arguments this proves proposition 4.4, and hence theorem 3.3.
Abbreviate Λ m T * X to Λ m . As described in subsection 4.1 the Calabi-Yau structure (Ω, ω)
The sections of Λ 2 6 are precisely V Ω for vector fields V , so by proposition 4.7 we may take
but it will turn out to be so (corollary 4.16). We use a small neighbourhood S of (Ω, ω) in the affine space (Ω, ω) + K as a slice for the D X -action. The pre-moduli space Q ⊆ S is the subspace of elements which define Calabi-Yau structures. By lemma 4.2 Q is the zero set of
but this function does not have surjective derivative. Part of the work of obtaining a more appropriate function is already done -we can replace the first component by F 1 defined in (4.3). We need to find a more suitable second component.
(Ω, ω) defines a complex structure on X, and in particular gives us the conjugate differential 
where
Proof. The operator
is overdetermined elliptic, and its formal adjoint is
c is elliptic and formally self-adjoint on sections of Λ 5 , so
and the last sum is clearly direct. ker π 6 d * contains H 5 and d * C k+1,α (Λ 6 ), and hence splits as
gives a convenient characterisation of the splitting (4.5).
). A real 4-form has type (2, 2) if and only if its Λ 4 6 part vanishes. For dη ∈ dC k+1,α (Λ 4 ) applying the dd c -lemma therefore gives
is the L 2 -orthogonal projection to the exact forms. Thus
k , so they must be equal.
k be a small neighbourhood of (Ω, ω), and
where F 1 (β) is defined by (4.3), F 2 (β, γ) = P 2 (β ∧ γ) with P 2 defined by (4.6), and
Proof. By proposition 4.8 F 1 (β) = 0 implies that dβ = 0. Using lemma 4.2 it suffices to show that β ∧ γ = 0. Since β is a torsion-free SL(C 3 )-structure it defines an integrable complex structure J β . Let d 
β η is differentiable in β and bounded linear in η, so there is a constant B such that for β sufficiently close to Ω
Combining (4.7) and (4.8) gives that if
Recall that the tangent space to the slice is K = (
k , and that in definition 4.3 we took H SU to be the harmonic tangents at (Ω, ω) to the space of SU (3)-structures.
Proof. It is obvious that H SU is contained in the kernel. The projection from the kernel to the Z As a consequence we have that K really is transverse to T , as claimed earlier.
Proof. If K ∩ T were non-trivial the kernel of (DF ) (Ω,ω) in K would contain some non-zero exact forms. Now we can apply the implicit function theorem to F to show that the Q is a manifold with tangent space H SU at (Ω, ω). Proposition 4.4 follows by elliptic regularity and slice arguments.
Hodge theory
We wish to study the moduli space of torsion-free EAC G 2 -structures on a manifold with cylindrical ends in terms of the projection (3.1) to the de Rham cohomology. In order to do this we require results about Hodge theory on EAC manifolds. We also explain how the type decompositions of de Rham cohomology discussed in subsection 4.1 behave on EAC G 2 -manifolds. 5.1. Analysis of the Laplacian. We review some results that we shall need about analysis of elliptic asymptotically translation-invariant operators on manifolds with cylindrical ends, and explain how they can be applied to the Laplacian of an EAC metric. For more detail about the analysis see e.g. Lockhart [17] , Lockhart and McOwen [18] , and Maz'ya and Plamenevskiȋ [19] .
Definition 5.1. Let M n be a manifold with cylindrical ends. If g is an asymptotically translationinvariant metric on M , E is a vector bundle associated to T M , δ ∈ R and s is a section of E define the Hölder norm with weight δ (or C
where t is the cylindrical coordinate on M . Denote the space of sections of E with finite C k,α δ -norm by C k,α δ (E). Up to equivalence, the weighted norms are independent of the choice of EAC metric g, and of the choice of t on the compact piece M 0 . In particular, as topological vector spaces C k,α δ (E) are independent of these choices.
We will want to use that d and d * are formal adjoints in integration by parts arguments. On a manifold with cylindrical ends this is only justified if the rate of decay of the product is positive. 
Let M be a manifold with cylindrical ends, E, F vector bundles associated to T M and A a linear smooth order r differential operator Γ(E) → Γ(F ). The restriction of A to the cylindrical end M ∞ can be written in terms of the Levi-Civita connection of an arbitrary product metric on X × R as
A is said to be asymptotically translation-invariant if the coefficients a i are. Then A induces bounded linear maps 
is Fredholm for all m and 0 < δ < ǫ 1 . Then the index of Proof. ǫ 2 1 is in fact the smallest positive eigenvalue λ 1 of the Hodge Laplacian △ X defined by g X on Ω * (X). To prove the proposition it therefore suffices to show that λ 1 is lower semi-continuous in g X .
, so it is bounded below transverse to its kernel. In other words, there is a constant
Let e 1 be an eigenvector of △ ′ with eigenvalue λ ′ 1 . By Hodge theory for compact manifolds ker △ and ker △ ′ have the same dimension, so (ker △ ′ ⊕ Re 1 ) ∩ T is non-trivial. Hence
for some β ∈ T with unit L 2 (g)-norm. The RHS depends differentiably on g ′ (with respect to the C 1 (g)-norm) and the derivative at g ′ = g can be estimated in terms of β
. Therefore there is a constant C 2 (independent of β) such that for any g ′ close to g
Now let M be an EAC manifold with rate δ 0 and cross-section X, and assume that 0 < δ < min{ǫ 1 , δ 0 }. We fix some notation for various spaces of harmonic forms. 
In particular the index of 
is well-defined, and its index is +i. 
Since equality holds the kernel of (5.
Also the image of (5.5) is exactly the
. We can use this to prove an EAC analogue of the Hodge decomposition for compact manifolds:
where we let C
n with cross-section X n−1 . For 'exact b-manifolds', which can be considered as a subclass of EAC manifolds, the type of results we need can be found in Section 6.4 of Melrose [20] . The arguments there carry over unchanged to the EAC case. , so we get a boundary map
It is easy to see that for α ∈ H m 0 the pull-back map j * in the long exact sequence for relative cohomology (2.4) acts as j 
Proof. Consider the start of the long exact sequence for relative cohomology
The dimensions of the first three terms are 0, 1, and 1, so ∂ = 0, and thus e is injective.
, so the result follows.
5.3.
Hodge theory of EAC G 2 -manifolds. Let M 7 be an EAC G 2 -manifold, with G 2 -structure ϕ asymptotic to Ω + dt ∧ ω. (Ω, ω) is a Calabi-Yau structure on the cross-section X. Maps such as Ω 2 (X) → Ω 4 (X), σ → σ ∧ ω are SU (3)-equivariant, so by proposition 4.1 induce maps between type components of the spaces of harmonic forms. In this subsection we consider the relation between the type decompositions and the decomposition in proposition 5.12.
By remark 2.12 * ϕ is asymptotic to 1 2 ω 2 − dt ∧Ω, whereΩ is the unique 3-form on X such that Ω + iΩ has type (3, 0) as discussed in subsection 2.3.
with B e χ = τ then
Hodge theory for compact manifolds allows us to identify the de Rham cohomology of X with the harmonic m-forms on X. The L 2 -inner product on H m X therefore gives an inner product on H m (X), and the Hodge star * :
This map is the composition of the metric isomorphism H m (X) ∼ = (H m (X)) * with Poincaré duality (H m (X)) * ∼ = H 6−m (X). Proposition 5.12 implies that there is an orthogonal direct sum
where , and the sums are orthogonal. Furthermore 
Proof. By proposition 5.17 below j * maps H 1 (M ) isomorphically to its image A 1 . The complex structure on H 1 (X) can be expressed as
Thus J maps A 1 to its orthogonal complement E 1 by proposition 5.15.
On compact Ricci-flat manifolds harmonic 1-forms are parallel, and this can be generalised to the EAC case. 
Proof. This is proved by a standard 'Bochner argument'. For a 1-form φ the Weitzenböck formula
It follows that any parallel 1-form φ is harmonic, and parallel forms are of course bounded. To show that any bounded harmonic form is parallel we use (5.9) together with an integration by parts argument. 
Deformation theory of EAC G 2 -manifolds
In this section we construct the moduli space of exponentially asymptotically cylindrical torsionfree G 2 -structures on a manifold with a cylindrical end, and study its local properties.
Throughout the section M 7 is a connected oriented manifold with cylindrical ends, X 6 is its cross-section, t the cylindrical coordinate on M and ρ a cut-off function for the cylinder on M . We abbreviate Λ m T * M to Λ m .
6.1. Proof outline. We now set out to prove the main theorem 3.2. The argument is a generalisation of that used by Hitchin in [11] to construct the moduli space of torsion-free G 2 -structures on a compact manifold. Hitchin shows that a G 2 -structure is torsion-free if and only if it is a critical point of the volume functional ϕ → V ol(ϕ) (V ol(ϕ) is the total volume of the metric defined by ϕ). An appropriate modification of the map ϕ → D ϕ V ol has surjective derivative, and the implicit function theorem can be applied to find pre-moduli spaces of torsion-free G 2 -structures which are manifolds.
In the EAC case it is not as natural to consider the volume functional, but we can nevertheless adapt the steps in Hitchin's proof to find pre-moduli spaces which are manifolds, and then apply slice arguments to show that the moduli space is a manifold. Like in e.g. Kovalev [15] (which studies deformations of EAC Calabi-Yau metrics) we can simplify the slice by understanding the deformations of the boundary -in this case we use the deformation theory of compact Calabi-Yau 3-folds described in section 5.
As an intermediate step in the proof of theorem 3.2 we construct moduli spaces of torsion-free exponentially cylindrical G 2 -structures with some fixed rate δ > 0. As before we let X δ be the space of torsion-free EAC G 2 -structures with rate δ. Each ϕ ∈ X δ defines an EAC metric, and hence a parameter ǫ 1 (ϕ) (cf. proposition 5.3). When we study a neighbourhood of ϕ we need to assume that δ < ǫ 1 (ϕ) in order to apply analysis results. We therefore let We use slice arguments to study a neighbourhood of ϕD Q in X Q /D Q . In order to be able to apply analysis results we need to use Banach spaces of forms, so we work with weighted Hölder C k,α δ spaces, for some fixed k ≥ 1, α ∈ (0, 1). Note that the boundary values of elements of X Q must lie in
X) (cf. discussion before theorem 3.6). We use the cut-off function ρ to consider ρQ A as a subspace of smooth asymptotically translation-invariant 3-forms supported on the cylinder of M , and let
be the subspace of closed forms. Then X Q ֒→ Z 3 Q continuously. The main technical steps in the construction of the pre-moduli space near ϕ are to (i) show that Q A is a submanifold of Q (proposition 6.2), so that Z 3 Q is a manifold, (ii) find a complement K in T ϕ Z 3 Q for the tangent space to the D Q -orbit at ϕ (proposition 6.11), and pick a submanifold S ⊆ Z 3 Q with T ϕ S = K, (iii) show that the space of torsion-free G 2 -structures R δ ⊆ S is a submanifold (proposition 6.18), (iv) show that the elements of R δ are smooth and exponentially asymptotically translationinvariant with rate δ (proposition 6.21). In subsection 6.7 we then provide the slice arguments that show that R δ is homeomorphic to a neighbourhood in X Q /D Q , and therefore in M δ . Hence M δ is a manifold for any δ > 0. We then show that M δ is homeomorphic to an open subset of M + for any δ > 0, and deduce that M + is a manifold.
Remark 6.1. The last step means that if ϕ ∈ X + is EAC with rate δ 0 (ϕ) then for any 0 < δ < min{δ 0 (ϕ), ǫ 1 (ϕ)} the pre-moduli space R δ gives a chart near ϕ not only in M δ , but also in M δ ′ for any δ ′ > δ, and in M + . In other words, R δ is essentially independent of δ if δ is chosen sufficiently small. 6.2. The boundary values. As explained above we are restricting our attention to determining the space of torsion-free G 2 -structures in Z 3 Q , whose boundary values lie in a space Q A . In order to make sense of this we first of all need to know that Q A is a manifold. We show that here, and in the process essentially prove theorem 3.6.
Let X 6 be the cross-section of an EAC G 2 -manifold M 7 , and (Ω, ω) a Calabi-Yau structure on X defined by the limit of a torsion-free EAC G 2 -structure on M . Let Q be the pre-moduli space of Calabi-Yau structures near (Ω, ω), and equivalently to (6.1) define
Since Q is diffeomorphic to a neighbourhood in the moduli space N of Calabi-Yau structures on X, Q A is homeomorphic to a neighbourhood in the subspace N A of classes which stand a chance of being the boundary values of EAC torsion-free G 2 -structures, as discussed before theorem 3.6. Recall that by proposition 4.4 the tangent space at (Ω, ω) to the pre-moduli space Q is the space H SU of harmonic tangents to the SU (3)-structures. 
Proof. The map Q → H 3 (X) is a submersion, so
is a submanifold of Q. By proposition 5.15
be the orthogonal projection.
in H m (X) with respect to the metric defined by (Ω ′ , ω ′ ), and let
We prove that Q A is a submanifold of Q ′ by showing that it is the zero set of F , and that F has surjective derivative at (Ω, ω).
Suppose F (Ω ′ , ω ′ ) = 0, and let
The RHS can be estimated by
So Q A ⊆ Q ′ is the zero set of F . It remains to show that F has surjective derivative.
Since A . Proof. The last part of the proof of the proposition actually shows that Q A → A 3 is a submersion, so H SU,A → A 3 is surjective. This could also be deduced from lemma 5.14. By definition of H SU the kernel consists of (0, τ ) ∈ 0×E
2 satisfying the conditions (4.3), which reduce to π 1 τ = π 6 τ = 0.
Proposition 6.2 implies directly that a neighbourhood of the image of B : M + → N A is a manifold. The rest of theorem 3.6 follows too, once we have proved the main result that M + is a manifold. We will return to this in subsection 6.8.
6.3. The Dirac operator. We will use Fredholm properties of the Dirac operator associated to a G 2 -structure ϕ to obtain a direct sum decomposition (proposition 6.11). The required properties of the Dirac operator can conveniently be deduced from the properties of the Laplacian discussed in subsection 5.1.
Since G 2 ⊆ SO (7) is simply connected it can be regarded as a subgroup of Spin (7), so a G 2 -structure on a manifold M 7 induces a spin structure (in fact a converse also holds: an oriented manifold M 7 admits G 2 -structures if and only if it admits a spin structure, cf. [5, Remark 3] ). The spin structure defines a spinor bundle S, and the Dirac operator
Recall that if R 7 is identified with the imaginary part of the octonions O then G 2 corresponds to the group of normed-algebra automorphisms of O. Indeed, the 3-form ϕ 0 ∈ Λ 3 (R 7 ) * stabilised by G 2 can be written in terms of the octonion multiplication · and the inner product <,> as
The octonion multiplication by R 7 on O induces a representation of the Clifford algebra Cl(R 7 ) on O. Hence Spin(7) ⊂ Cl(R 7 ) also acts on O, and this identifies O with the spin representation of Spin (7). This identification is in fact G 2 -equivariant (cf. [9, page 122] ). In particular, the restriction of the spin representation to G 2 is isomorphic to R 1 ⊕R 7 , the direct sum of the trivial and standard representations of G 2 .
Hence on a manifold M 7 with a G 2 -structure ϕ the spinor bundle S is isomorphic to
Under this identification Clifford multiplication by some α ∈ Ω 1 (M ) (which comes from the octonion multiplication) corresponds to
and the Dirac operator is identified with
If M is a G 2 -manifold we can see directly from (6.2) that ð 2 is identified with the Hodge Laplacian on Ω 0 (M ) ⊕ Ω 1 (M ) (this could also be proved in the vein of proposition 4.1, using a Weitzenböck formula). This allows us to deduce the index of the Dirac operator from that of the Laplacian (proposition 5.3).
Let H S 0 be the bounded harmonic spinors on the G 2 -manifold M 7 , and H S ∞ the translationinvariant harmonic spinors on the cylinder X × R. We can consider ρH S ∞ as a space of spinors on M supported on the cylindrical part, where ρ is a cut-off function for the cylinder. Proposition 6.4. Let M be an EAC G 2 -manifold with rate δ 0 , k ≥ 1 and 0 < δ < min{ǫ 1 , δ 0 }.
is injective and its image is the
is surjective with kernel H S 0 . Proof. The argument is analogous to that on page 14.
has index −2i, so the index of (6.3a) is −i. Hence (6.3b) has index +i. The kernel of (6.3b) is contained in H S 0 , while by integration by parts the image of (6.3a) is contained in the L 2 -orthogonal complement of H S 0 . Hence
Since equality holds the result follows. 
to the tangent space of the D Q -orbit. Then we define a submanifold S ⊆ Z 3 Q whose tangent space at ϕ is K. We will use S as a slice in Z 3 Q for the D Q -action at ϕ. The fixed torsion-free G 2 -structure ϕ is used to define an EAC metric and a Hodge star. It also defines type decompositions of the exterior bundles and spaces of harmonic forms, as described in subsection 4.1. The relevant decompositions of the exterior powers of the cotangent bundle are For convenience we identify translation-invariant 3-forms on X × R with pairs of 3-and 2-forms on X by σ + dt ∧ τ ↔ (σ, τ ). This identifies the tangent spaces H SU and H SU,A of Q and Q A with subspaces
be the subspace of closed forms. Clearly
cyl , and we show below that equality holds. The tangent space to the pre-moduli space of torsion-free G 2 -structures at ϕ will turn out to be the subspace H 
is a submersion, and the result follows from the implicit function theorem.
be the group of diffeomorphisms of M which are isotopic to the identity, and C k+1,α δ -asymptotic to a cylindrical automorphism of the cylindrical G 2 -structure Ω + dt ∧ ω. The elements of a neighbourhood of the identity in D ♯ . Therefore if we let
We take the tangent space K to the slice at ϕ to be the kernel of the formal adjoint of d : Ω
Proof. An instance of [5, Proposition 3] .
cyl , and it also contains W by lemma 6.9. By integration by parts
We can identify the spinor bundle S with Λ 0 ⊕ Λ 
] then by surjectivity of the Dirac operator map (6.3b)
By integration by parts df = 0. Hence β − dη is exact and of type 27, i.e. β − dη ∈ W .
We want to take as our slice for the D δ -action at ϕ a submanifold S ⊆ Z 3 Q with T ϕ S = K. To this end we pick a map exp :
We also insist that exp maps decaying forms to decaying forms, and smooth forms to smooth forms. We can do this since by (6.5) the decaying forms have a finite-dimensional complement of smooth forms in Z torsion-free G 2 -structures. R δ is the pre-moduli space of torsion-free G 2 -structures near ϕ. In order to show that R δ is a submanifold we will exhibit it as the zero set of a function F with surjective derivative, and apply the implicit function theorem.
Recall that by theorem 2.5 a G 2 -structure ψ is torsion-free if and only if dψ = 0 and d * ψ ψ = 0. To emphasise the non-linearity of the second condition we define Definition 6.12. For a G 2 -structure ψ on M let Θ(ψ) = * ψ ψ.
So with this notation
Q then ψ is asymptotic to a torsion-free cylindrical G 2 -structure, so dΘ(ψ) decays. Moreover, by definition elements of Z 3 Q are asymptotic to elements of Q A ⊆ Q. Therefore Θ(ψ) is asymptotic to
(cf. (6.1) and remark 2.12). This implies that
is point-wise smooth, so by the chain rule
is a smooth function. We need to adjust this map to obtain a function with surjective derivative. If β is a 3-form such that d
then by Hodge decomposition (5.6) there is a unique
We can think of β E as the exact part of β. The image
(6.9)
F (ψ) is essentially a component of the exact part of * Θ(ψ), so dΘ(ψ) = 0 ⇒ F (ψ) = 0. In order to show that the converse also holds, so that we do not 'lose any information' by considering zeros of F instead of ψ → dΘ(ψ), we need a simple algebraic lemma.
Lemma 6.14. Let ψ a G 2 -structure on M with dψ = 0. Then for any vector field V dΘ(ψ) ∧ (V ψ) = 0.
Proof. By [24, Lemma 11.5] there is for any G 2 -structure ψ a linear relation between π 7 dψ and π 7 d
* ψ (where the type component and codifferential are defined by ψ). This implies the result. 
We need to show that d * dη = 0. By integration by parts it would suffice to show that π 7 d * dη = 0, but unfortunately there is no a priori reason why that should be the case. Nevertheless, if ψ is close to ϕ then
by lemma 6.14. Hence point-wise
On the other hand we can find a reverse inequality for weighted L 2 -norms: if we pick 0 < δ ′ < δ then there is a constant C > 0 such that
To prove this inequality we use weighted Sobolev L 2 2,δ ′ norms, defined analogously to the weighted Hölder norms in definition 5.
) is Fredholm. Therefore for a suitable choice of C the inequality (6.11) holds for η in a complement of the kernel of π 7 d * d. By integration by parts the elements of the kernel are closed, so (6.11) holds for all η ∈ L 2 2,δ ′ (Λ 2 7 )⊕D. Combining the inequalities (6.10) and (6.11) 
Next we show that F : S → W satisfies the hypotheses of the implicit function theorem. 
13) and the result follows by the chain rule.
The type components of harmonic forms are harmonic, so for any χ ∈ H 3 cyl we have d * ( 4 3 π 1 χ+π 7 χ−π 27 χ) = 0, and hence DF ϕ (χ) = 0. If κ ∈ W then DF ϕ (κ) = P (−κ) = −κ, as P is a projection to W .
We have taken the pre-moduli space R δ near ϕ to consist of the torsion-free EAC G 2 -structures in the slice S. We can, however, only prove that it has the properties we want close to ϕ. We will therefore repeatedly replace S by a neighbourhood of ϕ in S in order to ensure that R δ ⊆ S has the desired properties. The first step is to ensure that R δ is a manifold. Proposition 6.15 shows that if S is sufficiently small then R δ is the zero set of F in S. Applying the implicit function theorem to F : S → W we deduce Proposition 6.18. If the slice S near ϕ is shrunk sufficiently then the space R δ of torsion-free EAC G 2 -structures in S is a manifold. Its tangent space at ϕ is H 3 cyl . 6.6. Regularity. In order to use the pre-moduli space R δ to construct a moduli space of smooth G 2 -structures we require two regularity results. We show that if the slice S is sufficiently small then the elements of the pre-moduli space R δ ⊆ S, which a priori are merely C k,α δ , are smooth and EAC. We also need to show that isometries of EAC metrics are EAC. To prove the regularity of elements of R δ we use a regularity result about solutions of elliptic operators which are asymptotically translation-invariant in a weighted Hölder sense. Proof. We want to show that if ψ ∈ S is sufficiently close to ϕ and dΘ(ψ) = 0 then ψ is smooth and exponentially asymptotically translation-invariant. Write ψ = ϕ + β.
where P consists of the quadratic terms of d * dΘ(ϕ + β) that involve ∇ 2 β, and R consists of the remaining quadratic terms. P and R depend only point-wise on their arguments, and P is linear in ∇ 2 β.
By the definition of the map exp (6.7) we can write β = κ + γ, with κ ∈ W , and γ smooth and exponentially asymptotic to some element of Q A . As κ is closed of type 27 −dd * ( 4 3 π 1 κ + π 7 κ − π 27 κ) = △κ. Considering β and ∇β as fixed we can define a second-order linear differential operator A : ζ → P (β, ∇β, ∇ 2 ζ). Then the condition d * dΘ(ψ) = 0 is equivalent to
If β = 0 then A = 0, so △ + A is elliptic. Ellipticity is an open condition, so △ + A is in fact elliptic for any β sufficiently small in the uniform norm. Now suppose κ is C l+1,α δ and is a solution of (6.14). R and the coefficients of A depend smoothly on κ and ∇κ. Therefore △+A and the RHS of (6.14) are C l,α δ -asymptotically translation-invariant. Since the RHS of (6.14) is decaying a priori it is C l,α δ . If β is sufficiently small that △+ A is elliptic then by theorem 6.20 κ is C l+2,α δ . Since κ is C 1,α δ it is C l,α δ for all l by induction. Hence ψ = ϕ + κ + γ is smooth and exponentially asymptotically translation-invariant.
Myers and Steenrod [23] show that any isometry of smooth Riemannian manifolds is smooth. We wish to generalise this, and show that isometries of EAC metrics are EAC (in the sense of definition 2.19).
We can think of the choice of diffeomorphism M ∞ → X × R + in definition 2.13 as defining a 'cylindrical-end structure', and of two such structures as being 'δ-equivalent' if they differ by a rate δ EAC diffeomorphism -then they define equivalent notions of exponential translationinvariance etc. The next proposition can be interpreted as stating that the cylindrical-end structure of an EAC manifold can be recovered from the metric. g is pushed forward to an EAC metric on X i × R + by Ψ i . It is straight-forward to solve the geodesic equation in local coordinates to show that for each x ∈ X i there is a unique half-line [γ] such that the X-component of γ(u) approaches x as u → ∞. Ψ i therefore induce isometries
2 is smooth by [23, Theorem 8] . If t i is the R + -coordinate on
2 (x), t + h) for some h ∈ R. 6.7. Constructing the moduli space. For each ϕ ∈ X ′ δ we have constructed a pre-moduli space R δ . R δ is a manifold, its elements are smooth and EAC, and its tangent space at ϕ is H 3 cyl . We now want to use slice arguments to show that we can take the pre-moduli spaces R δ as coordinate charts to define a smooth structure on M δ . In [7] Ebin gives a very detailed account of a slice construction on a compact manifold. While the basic idea of the slice is the same, it is not so convenient for our purposes to attempt to extend Ebin's arguments to the EAC setting. It is much easier to study the charts for M + in terms of the projection to the de Rham cohomology which appears in the statement of the main theorem 3.2.
where we use B a (β) + dt ∧ B e (β) to denote the asymptotic limit of an asymptotically translationinvariant form β.
We first check that π M is an embedding on R δ . If we allow ourselves to shrink R δ this amounts to showing that the derivative of π M at ϕ is injective, and from the definition the derivative is plainly (π H , π H,e ) :
The kernel consists of harmonic, exact, decaying forms, so it is trivial. Recall from subsection 6.1 that we chose a pre-moduli space Q near the Calabi-Yau structure (Ω, ω) on X defined by the asymptotic limit of ϕ, and that X Q ⊆ X ′ δ is the subset of smooth torsion-free G 2 -structures whose asymptotic limits lie in Q. D Q ⊆ D δ is the subgroup of smooth EAC diffeomorphisms of M whose asymptotic limits lie in the automorphism group of (Ω, ω). D Q acts on X Q by proposition 4.5, and as an intermediate step for our slice result we prove that R δ is a coordinate chart for X Q /D Q . Proposition 6.23. The natural map R δ → X Q /D Q is a homeomorphism onto a neighbourhood of ϕD Q .
Proof. Let X k,Q be the space of torsion-free G 2 -structures in Z 3 Q . By proposition 6.17 a small neighbourhood of ϕ in X k,Q is a manifold, and its tangent space at ϕ is d(C
The first term is the tangent space to the D k+1,α Q -orbit of ϕ, so the derivative at (ϕ, id) of
is surjective. By the submersion theorem it is an open map on a neighbourhood of (ϕ, id).
and φ * ψ is smooth and EAC then φ is also smooth and EAC by proposition 6.22.
For our argument to work we may need to shrink Q by replacing it with a neighbourhood of (Ω, ω) in Q. Let Y be the space of Calabi-Yau structures on X. The construction of the moduli space of Calabi-Yau structures on X uses slice results similar to proposition 6.23. This allows us to define on a neighbourhood U of (Ω, ω) in Y a continuous map
Theorem 6.25. M δ has a unique smooth structure such that
is an immersion.
Proof. Proposition 6.23 and lemma 6.24 show that for any ϕ ∈ X ′ δ the pre-moduli space R δ is homeomorphic to a neighbourhood U of ϕD δ in M δ , and
is a homeomorphism onto an embedded manifold. To prove that we can use the maps R δ → U as coordinate charts for M δ we need to check that the transition functions are smooth. But on an overlap U 1 ∩ U 2 both charts define the unique smooth structure for which π M :
is an embedding, so we are done. If δ 1 > δ 2 > 0 then M δ1 → M δ2 is injective by proposition 6.22, and M δ1 must be an open submanifold of M δ2 since π M is an immersion on both spaces. Similarly M δ → M + is injective for any δ > 0, so
To finish the proof of the main theorem 3.2 it remains only to observe This concludes the proof of theorem 3.2.
6.8. Properties of the moduli space. We look at some local properties of the moduli space M + on an EAC G 2 -manifold M , which follow from the existence of a pre-moduli space R with tangent space H 3 cyl . Firstly, the boundary map B maps H 3 cyl onto H 3 SU,A , so proposition 6.2 implies that B : R → Q A is a submersion. As Q A is a homeomorphic to an open set in N A it follows that B : M + → N A is a submersion onto its image, and we have proved theorem 3.6.
We can now deduce corollary 3.7. It suffices to show that the fibres of B : M + → N A are locally diffeomorphic to the compactly supported subspace H Proof. H 2k+1 (X) is a symplectic vector space under the Poincaré pairing. In particular b 2k+1 (X) is even. * : H 2k+1 (X) → H 2k+1 (X) maps A 2k+1 isomorphically to its orthogonal complement E 2k+1 . The Poincaré pairing on H 2k+1 (X) can be expressed as < ·, * · >, so A 2k+1 ⊆ H 2k+1 (X) is a Lagrangian subspace.
In particular for any EAC G 2 -manifold M with cross-section X the long exact sequence (2.4) for relative cohomology gives In this section we prove theorem 3.8, which gives a topological criterion for when the holonomy group of an EAC G 2 -manifold M 7 is precisely G 2 and not a proper subgroup. As stated in corollary 2.6 the holonomy group of a metric defined by a torsion-free G 2 -structure is always a subgroup of G 2 . For compact G 2 -manifolds there is a known necessary and sufficient condition for the holonomy group to be exactly G 2 . We summarise the proof, and then generalise the result to the EAC case. Note that all covering spaces will be presumed to be equipped with the Riemannian metric pulled back by the covering map. In particular all covering maps will be local isometries, and all covering transformations are isometries.
It is a consequence of the Cheeger-Gromoll line splitting theorem that any compact Ricci-flat Riemannian manifold M has a finite cover isometric to a Riemannian product T k × N , where T k is a flat torus (of dimension k possibly 0) and N is compact and simply-connected (see [3, Corollary 6 .67]). So for a G 2 -manifold M letM be a cover of that form.
If π 1 (M ) is infinite thenM = T k × N with k > 0, so Hol(M ) ⊆ SU (3). Hol(M ) is a finite quotient of Hol(M ), so Hol(M ) cannot be G 2 .
If π 1 (M ) is finite thenM is the universal cover of M . By the classification of Riemannian holonomy groups ('Berger's list', see e.g. [2, Theorem 3] or [13, Theorem 3.4 .1]) the only proper subgroups of G 2 that can be the holonomy group of a simply-connected Riemannian manifold are 1, SU (2) and SU (3) (up to conjugacy). Thus if Hol(M ) is not G 2 then it fixes at least one vector in its action on R 7 . By proposition 2.2 this implies that there exists a parallel 1-form φ onM . Sincẽ M is compact and Ricci-flat φ is harmonic. But Hodge theory gives an isomorphism H 1 → H 1 (M ) between harmonic forms and de Rham cohomology.M is simply-connected, so b 1 (M ) = 0 and there can be no harmonic 1-forms onM . Hence Hol(M ) = Hol(M ) = G 2 .
To generalise theorem 7.1 to EAC G 2 -manifolds M we use that by proposition 5.17 the space of parallel 1-forms on M is exactly H 1 0 , and that by corollary 5.13 the natural map H 1 0 → H 1 (M ) from bounded harmonic forms to de Rham cohomology is an isomorphism when M has a single end. Recall from theorem 2.21 that a Ricci-flat EAC manifold either has a single end or is isometric to a product cylinder. We also need the following lemma. 
Proof.
(i) IfM is a finite normal cover of M homeomorphic to a cylinder then it is isometric to a product cylinder Y × R. M is a quotient of Y × R by a finite group A of isometries. The isometries are products of isometries of Y and of R (since they preserve the set c 1 (Y ) vanishes. The Lefschetz hyperplane theorem, stated in the form [4, Theorem I] , can be applied to show that π 1 (Y ) = 1.
Since the polynomials defining Y are real the complex conjugation map on CP 5 restricts to an involution a : Y → Y . a is anti-holomorphic, and since the defining polynomials have no roots over R the involution has no fixed points.
Let ω F S be the restriction of the Fubini-Study Kähler form to Y . a * ω F S = −ω F S . Since c 1 (Y ) = 0 Yau's solution to the Calabi conjecture [28] implies that there is a unique Kähler form ω in the cohomology class of ω F S such that the corresponding metric is Ricci-flat, making Y into a Calabi-Yau manifold. The cohomology class of ω F S is preserved by −a * and −a * ω is a Kähler form defining a Ricci-flat metric, so the uniqueness part of the assertion implies that −a * ω = ω (cf. [13, Proposition 15.2 
.2]).
Pick a global holomorphic non-vanishing 3-form φ on Y . a * φ is also holomorphic, so equals λ 2 φ for some λ ∈ C. Replacing φ with λφ we can assume without loss of generality that λ = 1. Then Ω = re φ is preserved by a * . We can rescale Ω to ensure that (Ω, ω) is a Calabi-Yau structure in the sense of definition 2.9. Now define a G 2 -structure on Y × R by ϕ = Ω + dt ∧ ω. By proposition 2.11 ϕ is torsionfree. Let M be the quotient of Y × R by a × (−1). M has a single end and π 1 (M ) has order 2.
(a × (−1)) * ϕ = a * Ω + (−dt) ∧ a * ω = ϕ, so ϕ induces a well-defined torsion-free G 2 -structure on M .
